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Dark Energy is the dominant component of the energy density of the universe. In a previous
paper, we have shown that the collapse of dark energy fields leads to the formation of Super Massive
Black Holes with masses comparable to the masses of Black Holes at the centers of galaxies. Thus
it becomes a pressing issue to investigate the other physical consequences of the collapse of Dark
Energy fields. Given that the primary interactions of Dark Energy fields with the rest of the Universe
are gravitational, it is particularly interesting to investigate the gravitational wave signals emitted
during the process of the collapse of Dark Energy fields. This is the focus of the current work
described in this paper. We describe and use the 3+1 BSSN formalism to follow the evolution of
the dark energy fields coupled with gravity and to extract the gravitational wave signals. Finally,
we describe the results of our numerical computations and the gravitational wave signals produced
as a result of the collapse of the dark energy fields.
I. INTRODUCTION
As the accuracy of astronomical observations has in-
creased which in turn has led us to an increased precision
in the determination of cosmological parameters. This,
in turn, led us to critically re-examine our cosmologi-
cal models. In particular, the accurate determination of
the Hubble constant and the independent determination
of the age of the universe has forced us to critically re-
examine the simplest cosmological model - a flat universe
with a zero cosmological constant[1, 2]. These obser-
vations forced one of the current authors[3] to consider
the idea of a small non-vanishing vacuum energy due to
fields as playing an important role in the Universe. Sub-
sequently, there has been a large body of work both on
the observational and theoretical side that has firmed up
our belief in what we now call dark energy.
Given that we now believe that dark energy is the dom-
inant component of the Universe, it is now a pressing
need to understand the dynamics of dark energy and in
particular the gravitational dynamics of dark energy.
Before we start our detailed look at the gravitational
dynamics of dark energy field configurations we would
like to quickly introduce field theory models of Dark En-
ergy so that all readers can readily relate to the discussion
that follows.
Discussions of field theory models for dark energy and
connections to particle physics were discussed in detail
earlier by one of the current authors[3]. It was noted in
that article that these fields must have very light mass
scales in order to be cosmologically relevant today. Dis-
cussions of realistic particle physics models with parti-
cles of light masses capable of generating interesting cos-
mological consequences have been carried out by several
authors[4]. It has been pointed out that the most natural
class of models in which to realize these ideas are mod-
els of neutrino masses with Pseudo Nambu Goldstone
Bosons (PNGB’s). The reason for this is that the mass
scales associated with such models can be related to the
neutrino masses, while any tuning that needs to be done
is protected from radiative corrections by the symmetry
that gave rise to the Nambu-Goldstone modes[5].
Holman and Singh[6] studied the finite temperature
behavior of the see-saw model of neutrino masses and
found phase transitions in this model which result in the
formation of topological defects. In fact, the critical tem-
perature in this model is naturally linked to the neutrino
masses.
In a previous paper [7]. we have demonstrated the
collapse of Dark Energy fields and the formation of Super
Massive Black Holes. Thus it now becomes a pressing
issue to investigate the other physical consequences of the
collapse of Dark Energy fields. Given that the primary
interactions of Dark Energy fields with the rest of the
Universe are gravitational, it is particularly interesting to
investigate the gravitational wave signals emitted during
the process of the collapse of Dark Energy fields. This is
the focus of the current work described in this paper.
In our next section, we describe the formalism and evo-
lution equations for studying the gravitational dynam-
ics of dark energy field configurations. We will start by
writing down the equations for fields with any general
potential. This keeps the initial discussion general. How-
ever, in light of the above discussion on realistic models
with light masses we will soon specialize to PNGB mod-
els which have a potential with simple and explicit form.
Thus, for this purpose we will take the simplest PNGB
potential[4].
We then turn to a discussion of the numerical com-
putation of the evolution of the dark energy fields cou-
pled to gravity and the extraction of the gravitational
wave signals. Finally, we describe the results of our nu-
merical computations and the gravitational wave signals
produced as a result of the collapse of the dark energy
fields.
II. EVOLUTION OF THE DARK ENERGY
FIELDS IN THE PRESENCE OF GRAVITY
We now quickly re-visit the study of the gravita-
tional dynamics of Dark Energy field configurations.
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2The dynamics of fields in cosmological space-times has
been extensively discussed elsewhere (see e.g. Kolb and
Turner[8] ). Likewise, gravitational collapse in the con-
text of general relativity has also been extensively dis-
cussed elsewhere (see e.g. Weinberg[9]). These ideas can
be pulled together to write down the evolution equations
describing the coupled dynamics of the field configura-
tions and space-time interacting with each other. In this
section we discuss the evolution equations and their so-
lutions. In the following sections we will discuss the ex-
traction of gravitational waves from a collapsing star and
describe the results we have obtained.
We use the 3+1 BSSN formalism to numerically study
the time evolution of scalar fields in the presence of grav-
ity. The formalism for doing this has been previously
described by Balakrishna et.al.[10]
A. The Evolution Equations
The action describing a self-gravitating complex scalar
field in a curved spacetime is:
I =
∫
d4x
√−g
(
1
16pi
R − 1
2
[gµν∂µΦ
∗ ∂νΦ + V (|Φ|2)]
)
(1)
where R is the Ricci scalar, gµν is the metric of the space-
time, g is the determinant of the metric, Φ is the scalar
field, V its potential. Varying this action leads to equa-
tions of motion for the entire system. Variation with re-
spect to the scalar field leads to the Klein-Gordon equa-
tion for the scalar field
Φ;µ;µ − dV
d|Φ|2 Φ = 0. (2)
When the variation of Eq. (1) is made with respect to the
metric gµν , we get the Einstein’s equations Gµν = 8piTµν
. The resulting stress energy tensor is:
Tµν =
1
2
[∂µΦ
∗∂νΦ+∂µΦ∂νΦ∗]−1
2
gµν [Φ
∗,ηΦ,η+V (|Φ|2))].
(3)
To get numerical solutions it is convenient to use the
3+1 decomposition of Einstein’s equations, for which the
line element can be written as
ds2 = −α2dt2 + γij(dxi + βidt)(dxj + βjdt) (4)
where γij is the 3-dimensional metric. The latin indices
label the three spatial coordinates. The functions α and
βi in Eq. (4) are gauge parameters, known as the lapse
function and the shift vector respectively. The determi-
nant of the 3-metric is γ . The Greek indices run from 0
to 3 and the Latin indices run from 1 to 3.
For the purpose of doing numerical evolution, the
Klein-Gordon equation can be written as a first-order
system. This is done by first splitting the scalar field into
the real and imaginary parts as: Φ = φ1 + iφ2, and then
defining the following variables in terms of combinations
of their derivatives: Π = pi1 + ipi2 and ψa = ψ1a + iψ2a.
Here pi1 = (
√
γ/α)(∂tφ1 − βc∂cφ1) and ψ1a = ∂aφ1 and
similarly we can replace the subscript 1 with 2 to get the
remaining quantities of interest. With this notation the
evolution equations become
∂tφ1 =
α
γ
1
2
pi1 + β
jψ1j (5)
∂tψ1a = ∂a(
α
γ
1
2
pi1 + β
jψ1j)
∂tpi1 = ∂j(α
√
γφj1)−
1
2
α
√
γ
∂V
∂|Φ|2φ1
and again, we can replace the subscript 1 with 2 to
get the remaining quantities of interest. On the other
hand, the geometry of the spacetime is evolved using
the BSSN formulation of the 3+1 decomposition. Ac-
cording to this formulation, the variables to be evolved
are Ψ = ln(γijγ
ij)/12, γ˜ij = e
−4Ψγij , K = γijKij ,
A˜ij = e
−4Ψ(Kij − γijK/3) and the contracted Christof-
fel symbols Γ˜i = γ˜jkΓijk, instead of the ADM variables
γij and Kij . The equations for the BSSN variables are
described in Refs. [11, 12]:
∂tΨ = −1
6
αK (6)
∂tγ˜ij = −2αA˜ij (7)
∂tK = −γijDiDjα+ α
[
A˜ijA˜
ij +
1
3
K2 +
1
2
(−T tt + T )](8)
∂tA˜ij = e
−4Ψ [−DiDjα+ α (Rij − Tij)]TF (9)
+α
(
KA˜ij − 2A˜ilA˜lj
)
(10)
∂
∂t
Γ˜i = −2A˜ijα,j + 2α
(
Γ˜ijkA˜
kj
−2
3
γ˜ijK,j − γ˜ijTjt + 6A˜ijφ,j
)
− ∂
∂xj
(
βlγ˜ij,l − 2γ˜m(jβi),m +
2
3
γ˜ijβl,l
)
. (11)
where Di is the covariant derivative in the spatial hyper-
surface, T is the trace of the stress-energy tensor (3) and
the label TF denotes the trace-free part of the quantity
in brackets.
The above equations are true for any general poten-
tial V . One can of course write down the corresponding
equations for PNGB fields. All we need to do is spec-
ify the appropriate potential. In our case, the field is a
real scalar field. The simplest potential one can write
down for the physically motivated PNGB fields [4] can
be written in the form:
V = m4
[
K − cos(Φ
f
)
]
(12)
3As discussed in [4] m is of order the neutrino mass and
K is of order 1. For the sake of definiteness, in what
follows we will choose K = 1. We will consider such a
potential for studying the dynamics in the next section.
III. GRAVITATIONAL WAVE EXTRACTION
The evolution equations described above can be solved
numerically to study the gravitational collapse of the
field configurations and for the extraction of gravitational
waves.
To obtain the numerical solutions discussed below we
have used the publicly available Einstein Toolkit[13]. The
code uses the Method of Lines to do the time evolution.
In particular, we have used the Iterative Crank Nicholson
method to do the time evolution.
Guided by the evolution equations given in the previ-
ous section we define dimensionless quantities such that
the field is measured in units of f and time and space are
measured in units of fm2 . The energy density is measured
in units of m4.
The initial conditions for the dark energy field are
given below
Φ(r, θ, φ) = φ(r)[1 + Re(Y20(θ, φ))] (13)
φ(r) = pi[1− tanh(r − r0)] (14)
Re(Y20(θ, φ)) =
1
4
√
5
pi
(3 cos2(θ)− 1) (15)
where it should be noted that r0 is a free parameter
reflecting a range of possible initial conditions and the
field Φ is now being measured in terms of its natural
unit f .
We are interested in the gravitational wave signal pro-
duced by the collapse of the dark energy field configu-
rations. This can be extracted numerically and we have
used the publicly available Einstein Toolkit for this pur-
pose.
Here we extract the gauge-invariant, odd and even per-
turbations. Background material on this can be found in
Refs. [14–16].
The underlying assumption is that far away from the
source in the wave-zone, the spacetime, or more specifi-
cally the gravitational wave-signal, can be described in
terms of linear perturbations around a Schwarzschild
background metric. Upon knowledge of the perturba-
tion coefficients within the numerical simulation, one can
readily obtain a waveform via gauge-invariant odd-parity
(or axial) current multipoles Q×`m and even-parity (or
polar) mass multipoles Q+`m of the metric perturbation
.The problem is then to determine the perturbation co-
efficients relating the numerically obtained spacetime in
the wave-zone to a perturbed Schwarzschild background
A particular methodology was originally developed by
Regge, Wheeler [17] and Zerilli [19]. respectively for ex-
amining the gravitational radiation in terms of odd and
even multipoles in the far-field of the source. Later on,
Moncrief provided a gauge-invariant approach [20]. (see
[21].for a review). At large distances from the source, the
Gravitational waves can be considered as a linear pertur-
bation to a fixed background and we can write
gµν = g
0
µν + hµν , (16)
where g0µν is the fixed background metric and hµν its
linear perturbation. The background metric g0µν is usu-
ally assumed to be of Minkowski or Schwarzschild form,
which we can write as
ds2 = −Ndt2 +Adr2 + r2(dθ2 + sin2 θdφ2) . (17)
We can split the spacetime into timelike ,radial and
angular parts which in turn will help us in decomposing
the metric perturbation hµν into odd and even multi-
poles, i.e., we can write
hµν =
∑
`m
[(
h`mµν
)(o)
+
(
h`mµν
)(e)]
. (18)
The behavior of odd and even multipoles under parity
transformation defines them (θ, φ)→ (pi−θ, pi+φ). Odd
multipoles transform as (−1)`+1 while even multipoles
transform as (−1)`. It is always possible to expand these
components in their vector and tensor spherical harmon-
ics (e.g., [22]).
By using the Hamiltonian of the perturbed Einstein
equations in its ADM form [23], we can derive variational
principles for the odd and even-parity perturbations [20].
to give equations of motions that look similar to wave
equations with a scattering potential.
The solutions these wave equations formed by odd-
even parity perturbations are given by the Regge-
Wheeler-Moncrief and the Zerilli-Moncrief master func-
tions, respectively. The odd-parity Regge-Wheeler-
Moncrief function reads
Q×`m ≡
√
2(`+ 1)!
(`− 2)!
1
r
(
1− 2M
r
)
[
(h`m1 )
(o) +
r2
2
∂r
(
(h`m2 )
(o)
r2
)]
, (19)
and the even-parity Zerilli-Moncrief function reads
Q+`m ≡
√
2(`+ 1)!
(`− 2)!
rq`m1
Λ [r (Λ− 2) + 6M ] , (20)
where Λ = `(`+ 1), and where
q`m1 ≡ rΛκ`m1 +
4r
A2
κ`m2 , (21)
4with
κ`m1 ≡ K`m +
1
A
(
r∂rG
`m − 2
r
(h`m1 )
(e)
)
, (22)
κ`m2 ≡
1
2
[
AH`m2 −
√
A∂r
(
r
√
AK`m
)]
. (23)
These master functions depend entirely on the spheri-
cal part of the metric given by the coefficients N and A,
and the perturbation coefficients for the individual met-
ric perturbation components (h`m1 )
(o), (h`m2 )
(o), (h`m1 )
(e),
(h`m2 )
(e), H`m0 , H
`m
1 , H
`m
2 , K
`m, and G`m which can be
obtained from any numerical spacetime by projecting out
the Schwarzschild or Minkowski background [24]. For ex-
ample, the coefficient H`m2 can be obtained via
H`m2 =
1
A
∫
(grr −A)Y`m dΩ , (24)
where grr is the radial component of the numerical met-
ric represented in the spherical-polar coordinate basis,
Y`m are spherical harmonics, and dΩ is the surface line
element of the S2 extraction sphere. The coefficient A
represents the spherical part of the background metric
and can be obtained by projection of the numerical met-
ric component grr on Y00 over the extraction sphere
A =
1
4pi
∫
grrdΩ . (25)
Similar expressions hold for the remaining perturbation
coefficients.
The odd- and even-parity master functions Eq. (19)
and Eq. (20) can be straight-forwardly related to the
gravitational-wave strain and are given by
h+ − ih× = 1√
2r
∑
`,m
(
Q+`m − i
∫ t
−∞
Q×`m(t
′)dt′
)
−2Y
`m(θ, φ) +O
(
1
r2
)
, (26)
where −2Y `m(θ, φ) are the spin-weight s = −2 spherical
harmonics.
IV. RESULTS AND CONCLUSIONS
We now present our results from the 3D numerical
study of dark energy fields collapsing to produce gravita-
tional waves. We have used the 3+1 BSSN formalism for
doing the numerical evolution. The Evolution equations
we described earlier were solved numerically using the
publicly available Einstein Toolkit[13]. In particular, we
extracted the gravitational wave signals emitted as a
result of the collapse of dark energy field configurations.
Thus, we get the output as the odd and even Qlm of the
gravitational waves. We display these results in terms
of graphs as shown below. We note, in particular, that
the time period of the gravitational waves produced is
comparable to the timescale of the gravitational collapse.
The plots of the Qlm with time for different parameters
is given in FIG. 1 to FIG. 3. It should be noted that the
units of time are given by fm2 . It should also be noted
that fm2 is the fundamental timescale of the dynamics as
determined by the evolution equations.
To convert into physical units, we note the following.
The scale f is the high energy symmetry breaking
scale in PNGB models. In the see-saw model of neutrino
masses[3] this corresponds to the heavy scale of symme-
try breaking. While f has a range of possible values, the
typical value of f in the see-saw model of neutrino masses
is f ∼ 1013GeV . The typical value of m is given by m ∼
10−3eV . It should also be noted that so far we have been
working in the Particle Physics and Cosmology units in
which ~ = c = k = 1 . It is straightforward to convert
from these units into more familiar units using standard
conversion factors[8]. Thus, 1GeV −1 = 1.98 × 10−14cm
and 1GeV −1 = 6.58× 10−25sec.
Using these conversion factors we see that the funda-
mental time scale of the dynamics corresponding to fm2
is 2× 105years
We note, in particular, that the time period of the
gravitational waves produced is comparable to the fun-
damental time scale of the dynamics.
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